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The facial weak order

Outline

m A tale of two stories:

m Grouping reflections.
m Arranging hyperplanes.

m The facial weak order in all its glory.
m Yeah, but is it a lattice? And other fun questions.

m Current research
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The facial weak order

Coxeter systems
m Finite Coxeter System (W, S) such that
W:=(seS | (sis)™ = efors;sjcS)

where m;; € N* and m;; = 1 only if / = J.
m A Coxeter diagram Iy for a Coxeter System (W, S) has S
as a vertex set and an edge labelled m; ; when m; ; > 2.
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The facial weak order

Coxeter systems
m Finite Coxeter System (W, S) such that

W:=(seS | (sis)™ = efors;sjcS)

where m;; € N* and m;; = 1 only if / = J.
m A Coxeter diagram Iy for a Coxeter System (W, S) has S
as a vertex set and an edge labelled m; ; when m; ; > 2.

W,,(my = D(m), dihedral group of order 2m.
I_ . .L.
lo(m) S5 S
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The facial weak order

Weak order

Let (W, S) be a Coxeter system.

m Let we Wsuchthat w=s;...5s,forsome s; € S. We say
that w has length n, ¢{(w) = n, if nis minimal.

Example

m|

Let rA2: .—Z

{(stst) = 2 as stst = tstt = ts.

m Let the (right) weak order be the order <g on the Cayley

graph where VY and U(w) < L(ws).
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The facial weak order

Lattice
m Lattice - poset where every two elements have a meet
(greatest lower bound) and join (least upper bound).

The lattice (N, |) where a< b < a|b.

m meet - greatest common divisor
m join - least common multiple
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The facial weak order

Weak order lattice
Theorem (Bjorner ’84)

Let (W, S) be a finite Coxeter system. The weak order is a
lattice.

m For finite Coxeter systems, there exists a longest element
in the weak order, w,.

S t

Let T, : o——o. sts = w, = tst
is st
t s
e
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The facial weak order

Root System
m Let (V,(:,-)) be areal Euclidean space.

m Let W be a group generated by a set of reflections S.
W — O(V) gives representation as a finite reflection
group.

m The reflection associated to oo € V\{0} is

_2(v,a)
[l 2

Sa(V) = (veV)

Y= as+ap

m A rootsystemis ®:= {ac V | s, € W, ||a]| =1}

m We have ¢ = ¢ LI &~ decomposable into positive and
negative roots.
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The facial weak order

Root systems <> Coxeter systems
t

v =as ot
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The facial weak order

Root systems <> Coxeter systems
t

Xe
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The facial weak order

Root systems <> Coxeter systems
t

s sts(x) t
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The facial weak order

Root systems <> Coxeter systems
t

Perm(W) = conv{w(x) | we W}

s sts(x) t
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The facial weak order

Inversion Sets

Let (W, S) be a Coxeter system.
Define (left) inversion sets as the set N(w):= & N w(d™).

s 7t
Let g, : s 1 , with & given by the roots
N(ts) = &+ N ts(d™) Gt
= ¢+ N {ata 7> _Oés}
= {Oét,'}/}
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The facial weak order

Weak order and Inversion sets

Given w,u € W then w <g uif and only if N(w) C N(u).
-

Let T4, : s | , with ® given by the roots *

&g

ot

y=as+o
sts ot
ts st {&t, ’\/} {a57 ’7}
t S {at} {as}
e @
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The facial weak order

Weak order and inversion sets

\{as, at, Y} & sts
/

{or, 7} > ts st & {as, 7}

,,,,,,,,,,,,,,,,,,,, -—-—7

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud) 26 Nov 2020



The facial weak order

Hyperplanes

m (V,(,-)) - n-dim real Euclidean vector space.
m A hyperplane H is codim 1 subspace of V with normal ey.

Example
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The facial weak order

Arrangements
m A hyperplane arrangementis A = {H;, Ha, ..., Hk}.
m Ais central if {0} C N .A.
m Ais essential if span{ey}yc = V.
m A Central & Essential = {0} = A.

Example

Not central Central Central
Not essential Essential
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The facial weak order

Regions and faces

m Regions %, - connected components of V without A.
m Faces .7, - intersections of closures of some regions.

H; Hs
F\ . /c,
3
Ry Ro
Fa F;
Hy — =
. /I\ R

R5 e H1
F Fo F

5/ \ 0
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The facial weak order

Poset of regions
m Base region B € %, - some fixed region

m Separation set for R € %4
S(R) ={H € A | H separates R from B}

H, Hs
As
Ry R:
H>
Rs Ry
B
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Poset of regions
m Base region B € %, - some fixed region

m Separation set for R € %4
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H, Hs
As
Ry {H1, H>}
b /
Rs Ry
B
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The facial weak order

Poset of regions
m Base region B € %, - some fixed region

m Separation set for R € %4
S(R) ={H € A | H separates R from B}

H Hs
A
{Hz, Hs} {Hi, H2}
Ho
{Hs} {Hi}
0
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The facial weak order

Poset of regions
m Base region B € %, - some fixed region
m Separation set for R € %4
S(R) ={H e A | H separates R from B}
m Poset of regions PR(A, B) where
R <PR R — S(R) - S(R,) H, Hs
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The facial weak order

Simplicial arrangements
m A region R is simplicial if normal vectors for boundary
hyperplanes are linearly independent.
m A is simplicial if all Z,4 simplicial.

Example

SimEEE Not simplicial
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The facial weak order

Lattice of regions
An arrangement A in R" is simplicial if every region is simplicial
(i.e., has n boundary hyperplanes).

Theorem (Bjorner, Edelman,

Ziegler '90)

If A is simplicial then PR(A, B) is a
lattice for any B € % 4.

If PR(A, B) is a lattice then B is
simplicial.
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Coxeter Arrangements

The facial weak order

A Coxeter arrangement is the (simplicial) hyerplane
arrangement associated to a Coxeter group.

Coxeter Groups
Reflecting hyperplanes
Root system

Inversion sets

Weak order

—
—
<~
<~

Hyperplane Arrangements
Hyperplane arrangement
Normals to hyperplanes
Seperation sets
Poset of regions

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud) 26 Nov 2020



The facial weak order

Motivation

m 2001: Krob, Latapy, Novelli, Phan, and Schwer extended
the weak order of type A Coxeter groups to all the faces of
its associated arrangement. They

m gave a local definition of this order using covers,

m gave a global definition of this order combinatorially,
and

m showed that the poset for this order is a lattice.

m 2006: Palacios and Ronco extended this new order to
Coxeter arrangements of all types using cover relations.

m Our Questions:

m Can we give a global equivalent definition to Palacios,
Ronco cover relation definition?

m What happens in the hyperplane arrangement story?

m When is this a lattice?
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The facial weak order

Facial intervals

Proposition (Bjorner, Las Vergas, Sturmfels, White, Ziegler *93)

Let A be central with base region B. For every F € %, there is
a unique interval [mg, MF] in PR(A, B) such that

[mF,MF]:{RGQA | Fgﬁ}

H, H3
Rs

Ry Ra R ;
0 Fy R1, Re]
Hy Z -

R Rs R
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Facial intervals

Proposition (Bjorner, Las Vergas, Sturmfels, White, Ziegler *93)

Let A be central with base region B. For every F € %, there is
a unique interval [mg, MF] in PR(A, B) such that

[mF,MF]:{RGQA | Fgﬁ}

H; Hs
Rs,R R:, R
2\ p [/ NN L
R, \ / R, Ry Rs [R47R4] ‘ [H27v R2]
H, _Fa \ 0 F1_ [R5<_Rﬂ \ (B, Rs] RL R2]

Rs R [Rs, Rs) [Ri, Ri]

B.Rs/ BB VB R
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The facial weak order

Facial weak order
Let A be a central hyperplane arrangement and B a base
region in Z,4.

The facial weak order is the order FW(.A, B) on .%4 where for
F,G e Z4:

F <r G <= mg <pr Mg and Mg <pr Mg

’
’

7 MG
MFI// /ImG

m/:/
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The facial weak order

Facial weak order - Example
Rs
H4/ \nz [Rs, R3] [Re, Rs]

T T \ [Rs Ay /

Rs Ry
\ B/ (R4, Ra] [Ro, Ro]

[Rs, Rs] = VALY (R, Ra]
(Rs, As] ~ / (R, Ri]
/ B \
(B, Rs] [B, Ri]
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The facial weak order

Facial weak order - Example

/FIS\ [,cg37 Rs]
Ry Ry [FL\, ng] i [F?g :‘:?3]

T T [Ra, Ra] ) ) [Re, Re]
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The facial weak order

Facial weak order - Example

/FIS\ [,cg37 Rs]
Ry Ry [FL\, ng] i [F?g :‘:?3]

Rs By ° °
[Rs,Rs] @ e [B,Rs] e [Ri,R:]
[R5» R5] [R1 ) F’,1]
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The facial weak order

Facial weak order - Example

[As, As]
Ry Ry [R4, Rg] b [Rgﬂ Rg]

R[ ) (R4, Ra] . . (R, R2]
\B
[R5. R4] [ ] [ ] [B7 Rg] [ ] [R1 N Rg]
[Rs, As] [R1, Ri]
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The facial weak order

Facial weak order - Example

& [Rs, Rs]
T/ \T [Ra, /2?3]/3'3\[/?2* Rs]
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The facial weak order

Parabolic subgroups
(W, S) a Coxeter system and / C S.
m W, = (/) — standard parabolic subgroup (long elt: w ).
m W={weW | {w)<{ws),forall s c I} is the set of
min length coset representatives for W/ W,.
m Unique factorization: w = w/ - w; with w/ ¢ W/, w, e W,.
m By convention in this talk xW, means x ¢ W',

Example

~
~
<

Let Ty : « 3« {andi= {r,t,u}.

Then FW, . C ———o

w = rtustr w = rts - utr
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The facial weak order

Coxeter complex

(W, S) a Coxeter system and / C S.

m Coxeter complex - Py - complex whose faces are all the
standard parabolic cosets of W.

sts
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The facial weak order

Facial intervals
Proposition (Bjoérner, Las Vergas, Sturmfels, White, Ziegler '93)

Let (W, S) be a Coxeter system and xW, a standard parabolic
coset. Then there exists a unique interval [x, xw, ;] in the weak
order such that

xXW =[x, xw, ].
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The facial weak order

Facial weak order
Definition

Let <r be the order on the Coxeter complex P\, defined by
xW) <p yW, <= x <gy and xw,; <g yWo y

sts

[sts, sts]
is st
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The facial weak order

Cover relations
Proposition (D., Hohlweg, McConville, Pilaud, 19+)
For F, G € %4 if |dim(F) — dim(G)| =1 and
1. FC G, Mg = Mg, or
2. GC F, mg =mg. Fa

then F < G. R | A '\
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The facial weak order

Cover relations

Let (W, S) be a finite Coxeter system.

Definition (Krob et.al. [2001, type A], Palacios, Ronco [2006])

The (right) facial weak order is the order <cov on the Coxeter
complex Py defined by cover relations of two types:

(1) xW<covxWj sy  ifs¢land x € WIS
(2) xW) <cov XWo, IWs I\ {s} W/\{s} ifsel,

where | C Sand x € W/.
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The facial weak order

Cover relations example
(1) xW, <cov XWIU{S} if s §é land x € Wwiish
(2) xW) <cov XWo W, 1 15y Wi (sy if S € 1

sts
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The facial weak order

Zonotopes
m Zonotope Z4 is the convex polytope:

K
Zy = {v eV ]v= Z)\,e,-, such that |\;| < 1 for all i}
i=1
Theorem (Edelman ‘84, McMullen *71)

There is a bijection between %, and the nonempty faces of Z,
given by the map

T(F):{V€V|V: Z i€ + Z ujej}

F(H;)=0 F(Hp)#0
where |\;| < 1 for all i and p; = F(Hj)
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The facial weak order

Zonotope - Construction example

H; R Hs

A\ /F

2

B, / R,

Rs R;
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The facial weak order

Zonotope - Construction example

H; R Hs

A\ /F

2

R, / R»

Hp =

& €3

€2

Rs R;
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H; R Hs

A\ /F

2

R, / R»

Hy — @WH
—
eq / e3
€2

Rs R;
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The facial weak order

Zonotope - Construction example

H1 H3
\ r /
7(Ra) Sait:)
Hy =— /I\ e
r(Rs)’ - (A1)
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The facial weak order

Root inversion sets

m roots &4 = {tey,+en, ..., e}

m root inversion set
R(F) ={ec®4 | (x,e) <O0forsomex e F}.
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The facial weak order

Root inversion sets
Proposition (D., Hohlweg, McConville, Pilaud *19+)

Let F be a face. Then

inner primal cone (7(F)) = cone (R(F)).
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The facial weak order

Root inversion set order

For faces F and G in .74, then F <gis G if and only if

R(F)\R(G) C ¢, and R(G)\R(F) C ¢
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The facial weak order

Root inversion set order

Definition
For faces F and G in .74, then F <gis G if and only if

R(F)\R(G) C ¢, and R(G)\R(F) C ¢

VAVARVAVERY,Y
eo—re—>e
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The facial weak order

Root inversion sets

Definition (Root Inversion Set)

Let xW, be a standard parabolic coset. The root inversion set is
the set
R(xW)):=x(¢~ U o))

Note that N(x) = R(xWz) N &7

sts

fSW{f} SfW{S}
ts st . T
fW{s} SW{I«} *
t S ag > at
Wiy Wisy
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The facial weak order

Root inversion sets

Example

R(SW{t}) = S((b_ U ¢{+t})

=s({—as, —at, =y} U{at})
={as,—7, —at,7}

fSW{[} sts StW{S}

ts st . 7.
fW{s} SW{;} %
t S o v a[

Win 4 Wisy
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Root inversion sets

Example

R(SW{t}) = S((b_ U ¢{+t})

=s({—as, —at, =y} U{at})
={as,—7, —at,7}

fSW{[} sts StW{S}

ts st ..
fW{s} SW{;} %
t S o v a[

Win 4 Wisy
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The facial weak order

Root inversion sets

Proposition (D., Hohlweg, Pilaud ’18)

Let xW, be a standard parabolic coset of W. Then

inner primal cone (F(xW,)) = cone (R(xW))) .

sts
fSW{;} SfW{S}
ls st o 2 e
tWis) sWiy
t S o ¥ “

Wiy 4 Wisy
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The facial weak order

Equivalent definitions

Theorem (D., Hohlweg, McConville, Pilaud *19+)
For F, G € % the following are equivalent:
B mg <pr Mg and Mg <pr Mg in poset of regions PR(A, B).
m There exists a chain of covers in FW(A, B) such that

F=F<pF<fp---<pFp=G

= R(F)\R(G) C ¢ and R(G)\R(F) C &

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud) 26 Nov 2020



The facial weak order

Equivalent definitions

Theorem (D., Hohlweg, Pilaud ’19)

The following conditions are equivalent for two standard
parabolic cosets xW, and yW, in the Coxeter complex Py

m x <gyandxw,; <r yW, .

m xW <cov yW,
m R(xW,) <« R(yW,) C ¢~ and R(yW,) <~ R(xW,) C o*.
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The facial weak order

A super quick recap - Coxeter groups

m (W, S) Coxeter system with
W:=(se S | (sjs;)™i = efors,s; € S).
m (right) weak order <g - w — ws and {(w) < ¢(ws).

Let Mg : 5— L. sts — w, = tst
ts st
t s
e
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The facial weak order

A super quick recap - Coxeter groups
m Rootsystem® ={ac V | s, € W}.
m (left) inversion set N(w):= o+ nw(d).
m w <g uifand only if N(w) C N(u).

-

Let Ta, : f—-t , with @ given by the roots *

Os

at
v =as+a

Sts ot
ts St {at,“/} {O‘Sv')’}
t s {ar} {as})
e %]
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The facial weak order

A super quick recap - Coxeter groups
m W, =()for/CS.
m xW, with x € W' is a standard parabolic coset.
m Facial interval: xW, = [x, xw, /|

Example
tsWipy s StWs, sts [ts, sts][Sts’ srs][st, sts]
ts st ts st [ts, ts st, st
tWisy sWiy tO s [t1s] [s, st]
t S e [t, 1] [s, s]
Wiy 7 Wis [e, 1] e"el e, 5]
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The facial weak order

A super quick recap - Coxeter groups
m R(xW)) = x ((D* U CDf)

Example
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The facial weak order

A super quick recap - Coxeter groups - Facial weak
order
m Cover relations / original definition:
(1) xW<covxWisy  ifs¢ land x € WIS,
(2)  xW<cov xwo W, 1 s Wi isy  ifse

Theorem (D., Hohlweg, Pilaud ’19)

The following conditions are equivalent for two standard
parabolic cosets xW,; and yW, in the Coxeter complex Py

B X <r Yy and xw, <r yW, .
m xW; <cov yW,
m R(xW)) <~ R(yW,) C &~ and R(yW,) ~ R(xW)) C o*.
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The facial weak order

A super quick recap - Hyperplane arrangements
m A= {H,,..., Hx} is a (central, essential) arrangement.
m Z, is the set of regions (V . A)
m .7, is the set of faces (intersections of region closures)

H, Hs

Fs\ / F2

A3
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The facial weak order

A super quick recap - Hyperplane arrangements
m Poset of regions PR(A, B)
m Simplicial - every region has n bounding hyperplanes
m If Ais simplicial then PR(A, B) is a lattice.
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The facial weak order

A super quick recap - Hyperplane arrangements
m Facial interval of face F - [mg, MF] in PR(A, B).

R\ g /P Rs [Rs, RB]\ [As, Rl /[Rz el
3 / \
wE No " E ReRd  \ifen) PR
Rs / \ Ry Rs Ry [:‘?57 Rs] [R17 R1]
B
o/ % \r
5 ’ B B,Rs (B8] VB Ry
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The facial weak order

A super quick recap - Hyperplane arrangements
m Root inversion set:
R(F) ={ecd4 | (x,e) <0forsome x € F}.
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The facial weak order

A super quick recap - Facial weak order
Proposition (D., Hohlweg, McConville, Pilaud, *19+)
For F, G € %4 if |dim(F) — dim(G)| =1 and
1. FC G, Mg = Mg, or
2. GCF, mg = mg.
then F <g G.

Theorem (D., Hohlweg, McConville, Pilaud *19+)

For F, G € %, the following are equivalent:
B mg <pr Mg and Mg <pr Mg in poset of regions PR(.A, B).
m There exists a chain of covers in FW(.A, B) such that
F=F<gFo<g---<gFr=G
m R(F)\R(G) C ¢, and R(G)\R(F) C &7%.
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The facial weak order

Equivalence for type A, Coxeter arrangement

Fa [Rs, Rs] @ ey 2 e
H4>’ ﬁnz [RA.Rg]):O,&RZ.HS] % s % !
NN NAR Y O K[ Rl Ry oy
K 1 ’\ /‘ '\ /‘
T T B
(s, Asle o5, Rsl &R ) . §I R(F\R(G) C o
me <pr Mg 1 /"\ 1 /"\ T R(G)\R(F) C &7,
AR - O AR A T@ K, g
[Bﬂsﬁo)ﬁB-Hw] % K.)( y
8'8] <
dim F — dim G| = 1 o
imF — dim = Fs )(.K F2
=F C G, Mg = Mg, or ° [J
GCF, mg=mg R4o)' K-HZ
T T
Fs\ R, /F2 Fi ® e 0 e F
Fo 4 Rz F, T T
- o - [ ) [ ]
Rs Ry Rs K.K )ro)r Ay
Fs/ Ro \Fo Fs E Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement

R3 [Rs, R —ey 2 g
"74)( ﬁnz [94-93]):.,&/?2-93] ‘ 3% k
;I; ,;I: [941’?‘]). .Klfzaﬂzl K EL & g e

K X ’\ /‘ ’\ /‘
T T B
(s, Asle o5, Rsl &R ) . §I R(F\R(G) C o
me <pr Mg 1 /"\ 1 /"\ T R(G)\R(F) C &7,
Mg <pr M
PR s AR, SR A A@ X, . -J
[Bﬂsﬁo)ﬁB-Hw] % Ko) y
2 <
dim F — dim G| = 1 o
imF — dim = FS )(.K /—‘2
=F C G, Mg = Mg, or ° °
GCF, mg=mg R4o)‘ K.HZ
T T
Fs\ R, /F2 Fi ® e 0 e F
FyRa Rz F, T ,\ T
- o - [ ) [ ]
Rs Ry Rs K.K e AR
Fs/ FRo \Fo Fs E Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement

>(H3,( [R3, R3] @ —e3 DG —eq
Ry Ra (R, B3]y ® ,492- R3] ‘ %
/HI; ,;r [R41R‘])'. .Klfzaﬂzl K EL & g e
Xyt ’\/‘ ’\/‘
T T B
(s, Asle o5, Rsl &R ) . §I R(F\R(G) C o
me <pr Mg 1 /"\ 1 /"\ T R(G)\R(F) C &7,
Mg <pr M,
PR s AR, SR A A@ X, . -J
[Bﬂsﬁo)ﬁﬂnd % Ko) y
" <
dim F — dim G| = 1 &
im — dim = FS )(.K /—‘2
=F C G, Mg = Mg, or ° °
GCF, mg=mg R4o)‘ K.HZ
T T
Fs\ R, /F2 Fi ® e 0 e F
FyRa Rz F, T ,\ T
- o - [ ) [ ]
Rs Ry Rs K.K e AR
Fs/ o \Fo Fs . Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement

Fs [Rs @ —ey 2 e
"74>l ﬂ”z [Rs) HS)r ,492 R3] ‘ ° % k
Q;KA (A, Ay A ,\/\mfzﬂz] ,\/\& by

B

T T B
(s, Asle o5, Rsl &R ) . §I R(F\R(G) C o
me <pr Mg 1 /"\ 1 /"\ T R(G)\R(F) C &7,
Mg <pr M,
SR ) N SR A A@ X, . -J
[Bﬂsﬁo)ﬁB-Rd % Ko) y
(5, B] T
dim F — dim G| = 1 o
im — dim = FS )(.K /—‘2
=F C G, Mg = Mg, or ° °
GCF, mg=mg R4o)‘ K.HZ
T T
Fs\ R, /F2 Fi ® e 0 e F
FyRa Rz F, T ,\ T
- o - [ ) [ ]
Rs Ry Rs K.K e AR
Fs/ o \Fo Fs . Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement

R3 [Rs, R —ey 2 g
"74)( ﬁnz [94-93]):.,&/?2-93] ‘ 3% k
LAY DRI NS & by
Ko ’\/‘ ’\/‘
T T B
(s, Asle o5, Rsl &R ) . §I R(F\R(G) C o
me <pr Mg 1 /"\ 1 /"\ T R(G)\R(F) C &7,
Mg < M,
PR s AR, SR A A@ X, . -J
[Bﬂsﬁo)ﬁB-Hw] % Ko) y
.8 <bx
|dim F — dim G| = 1 s
imF — dim F- () F.
«F C G, Mg = Mg, or So)r Koz

«GCF, mg=mg
F3\\\ R3 '/,"FZ F, 4
- ° - °
Rs R Rs A A1 Ry

\Fo 5 ~e”  Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement
ok, < e "
Ry Ro

e,
T T (R, Ry S KRz, Aol )l e e
R o8 ’\/‘ . ﬂ ’\ 4
B
T T
(Rs. Aye o(B,Rs] &F;. Al I@ o % &I R(F)\R(G
mg <pr Mg T T

[R3, R3]
(Fa; Baly ® ,492- R3]

o
K%

) C o
T R(G)\R(F) C 7,
Mg <pr Mg o ] T@ §
" (Rs. A5I R ¢ S 1 (R Ail Ko
[B, HSPKO)EB-FH % K.) T\T
Lt -
dim F — dim G| = 1 o
imF —dim G| = F3 ° Fy
-FgG,MF:MG,orR )‘.)( K.K R
GCF, mg=mg ‘o o
T T
Fs\ R, /F2 Fi ® e 0 e F
Fo 4 Rz F, T ,\ T
- % - ° .
Rs Ry Rs K.K e AR
Fs/ Ro \Fo Fs E Fo
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The facial weak order

Equivalence for type A, Coxeter arrangement

As (Rs, As] @ —e3 2 —e
’74)( ﬁ”z Wwﬁ’g]):',&ﬁ’zﬂs] iN ~® K 3% 1
LAY DRI NS oK % e« e

ﬂBz‘ '\/\ ’\/\
T T
[Rs, Ry@ o(B, R3] @A, Fs] . 1 R(F \R(G) C ¢,
mg <pr Mg T /V\ T /V\ T NR(F) € @5,
Mg < M,
P R AR, s i Al
[Bﬂsﬁo)ﬁB-Hw] % K.) T\T
875 B -
[dim F — dim G| = 1 %
imF — dim = F3 )Y.K Fy
=F C G, Mg = Mg, or o [J
GCF, mg=mg R4o)’\/\K-H2
T T
Fs‘\\ Ry ’,,/' Fa Fi ® e 0 ° F
Fof Rop, T ,\ T
- Y - ° °
Rs Ry Rs K.K ).)( Ay
Fs/ FRo \Fo Fs E Fo

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud)

26 Nov 2020



The facial weak order

Facial weak order lattice
Theorem (D., Hohlweg, Pilaud ’19)

The facial weak order (Pw, <f) is a lattice with the meet and
join of two standard parabolic cosets xW, and yW, given by:

xWinyW, =z W,

xWiv yW, =z, Wk,.
where,
Z.=XAYy and K, = D (z7'(xw, A yw, ), and
Z,=xW, Vyw,y and K, =D (z7'(xVy))

vV

Corollary (D., Hohlweg, Pilaud ’19)

The weak order is a sublattice of the facial weak order lattice.
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The facial weak order

Facial weak order lattice

Theorem (D., Hohlweg, McConville, Pilaud *19+)

Let A be an arrangement and fix a base region B. If the poset
of regions PR(A, B) is a lattice then the facial weak order
FW(A, B) is a lattice.

Corollary (D., Hohlweg, McConville, Pilaud *19+)

The lattice of regions is a sublattice of the facial weak order
lattice when A is simplicial.
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The facial weak order

Covectors
m covector - a sign vector in {—, 0, +}* with signs relative to
hyperplanes.
m £ C{—,0,+}"- set of covectors

Fa(Hi) = +; Fa(H2) = 0; F4(H3) = —  F4 < (+,0,-)

Hy Hs

e e3
€2
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The facial weak order

Covectors
m covector - a sign vector in {—, 0, +}* with signs relative to
hyperplanes.
m £ C{—,0,+}"- set of covectors

F4(H1) =1 F4(H2) =0; F4(H3) = — Fy < (+,0, —)
H; Hs
(0, —, 7)\_\(_’_’_)’/,/(7. -,0)
(+777_) _>77+)
+,0, 0,+)

o w— 4\ —
et /4\ e

++-)/ 2\ (-++

(+,+,0) (0,4, 4+)

(+,+,+)
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The facial weak order

Covector definition

For X, Y € L:

X<, Y < X(H)>Y(H) YHwith— <0<+
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The facial weak order

Equivalent definitions

Theorem (D., Hohlweg, McConville, Pilaud *19+)

For F, G € %, the following are equivalent:
mF<gG
m F <. G interms of covectors (F(H) > G(H) YH € A)
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The facial weak order

Covector operations
For X,Y e £LC {-,0,+}"

Y(H) ifX(H)=0
X(H) otherwise
—X(H) ifYH)=0
X(H)  otherwise
* For F € Z4, [mr, MF] = [F o B, F o —B]

Example

Let A = {Hi, Ho, H3, Ha, Hs}.

m Composition: (X o Y)(H) = {

m Reorientation: (X_y) (H) = {

X=(-,0,+,+,0) Y =(0,0,—-,0,+)

Then
XOY:(—707—|—7+,—|—) X—Y:(+707+7_70)
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The facial weak order

Lattice proof - Joins
Proof uses two key components :

Lemma (Bj6rner, Edelman, Ziegler *90)

1: If L is a finite, bounded poset such that x V y exists whenever
x and y both cover some z € L, then L is a lattice.

2: Cover relation: Z < X iff |dim X —dimZ| =1 and
ZCX, Mz=MxorXCZ mzrz=my.ThenZ<XandZ<Y
gives three cases:
1. XuY CZ my =my=myand
dmX=dimY =dimZ — 1,
2. Z2CXnY, My =My =Mzand
dmX =dimY =dimZ+ 1, and
3. XCZC Y,mX:mz,My:MZand
dmX=dmZ—-1=dmY - 2.
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The facial weak order

1. XUY CZ, mxy=my=m,and
dmX =dmY =dmZ — 1
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The facial weak order

1. XUY CZ, mxy=my=m,and
dmX =dmY =dmZ — 1

H; Hs
\ R /

Re NG
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The facial weak order

2. Z2CXnNnY,My=My=M,and
dimX =dimY =dimZ + 1
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The facial weak order

2. Z2CXnNnY,My=My=M,and
dimX =dimY =dimZ + 1

H, Hs

‘:. /,o /o\ o

— e

1/
N

0 =
[ ]
B

/ \
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The facial weak order

3.XCZC Y,mX:mZ,My:MZand
dimX =dmZ —-1=dimY -2
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The facial weak order

3.XCZC Y, my = Mgz, My:MZand
dimX =dmZ —-1=dimY -2
H; Hs
\ A/

e
A

/’\,Rz

/

o— e

\
A\

»Y.

Hy =
Rs
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The facial weak order

3.XCZC Y, mX:mZ,My:MZand
dimX =dmZ —-1=dimY -2
H; Hs
\ Fi’a /

w \/ \:

Rs = y\

BYZ
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The facial weak order

3.XCZC Y,mX:mZ,My:MZand
dimX =dmZ —-1=dimY -2
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The facial weak order

Example: B; Coxeter arrangement




The facial weak order

Properties of the facial weak order

m The dual of a poset P is the poset P%° where x < y in P iff
y < xin P°. A poset is self-dual if P = PP,

m A lattice is semi-distributive if x V y = x v z implies
XV y=xV(yAz)and similarly for the meets.

Theorem (D., Hohlweg, McConville, Pilaud *19+)

The facial weak order FW(.A, B) is self-dual. If furthermore, A is
simplicial, FW(A, B) is a semi-distributive lattice.
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The facial weak order

Join-irreducible elements

m An element is join-irreducible if and only if it covers exactly
one element.

Proposition (D., Hohlweg, McConville, Pilaud '19+)

If A is simplicial and F a face with facial interval [mg, Mg]. Then
F is join-irreducible in FW(.A, B) if and only if M is
join-irreducible in PR(A, B) and codim(F) € {0,1}

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud) 26 Nov 2020



The facial weak order

Mobius function

Recall that the Mdbius function is given by:

1 ifx=y
P, Y) = 4 = Yxczey (X, 2) ifx<y
0 otherwise

Proposition (D., Hohlweg, McConville, Pilaud '19+)

Let X and Y be faces suchthat X < Y andletZ =XnNY.

(X.Y) {(—1)fk(x>+fk(y) fX<Z<YandZ=XnY
WX, Y) =

otherwise
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The facial weak order

Lattice Congruences

A lattice congruence is an equivalence relation = on a lattice
(L, <) such that for each x4 = xo and y; = y» then

1. Xy A Y1 = Xo A Yo, and

2. X4 VYy1 =XV yo.

Theorem (D., Hohlweg, Pilaud ’19)

Given a lattice congruence = on (W, <g), the equivalence
classes on (Pw, <g) defined by

xW, =yW, < x=yandxw,; = yw, 4

give us a lattice congruence.
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The facial weak order

Facial Boolean Lattice
Corollary (D., Hohlweg, Pilaud ’19)

Let the (left) root descent set of a coset xW, be the set of roots

D(XW/) = R(XW/) N+A C o.

Let xW, =% yW, if and only if D(xW,) = D(yW,).

D(stWis)) Do) b(isiyyy) [5t5]des
D(st) D(ts)

D(sWyy)) D(WLe) Ly
D(s) D(1) st

D(W(s)) Do) D(W(s) sWiy

[ e] des
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The facial weak order

Facial Cambrian Lattice

Corollary (D., Hohlweg, Pilaud '19)

Let ¢ be any Coxeter element of W. Let =° be the c-Cambrian
congruence (due to Reading [Cambrian Lattice, 2004]). Then
let xW, =° yW, < x =Cy and xw, | =€ yw, ;.

[sts]c
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The facial weak order

Congruence normal

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.

A. Dermenjian — York Uni (Joint with: C. Hohlweg, T. McConville, V. Pilaud) 26 Nov 2020



The facial weak order

Congruence normal

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.

° — I
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The facial weak order

Congruence normal

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.

° — I
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The facial weak order

Congruence normal

Definition

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.

Example

.%I%
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The facial weak order

Congruence normal

Definition

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.

Example

.%I%
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Congruence normal

A lattice is congruence normal if it can be obtained from the
1-element lattice by a series of doublings of convex sets.
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Congruence uniform

Let L be a finite lattice and J(L) be the join-irreducibles.

m Con(L) is the poset of lattice congruences partially ordered
by refinement.

m L is congruence uniform if J(Con(L)) — J(L) is a bijection
and similarly for meets.

Theorem (Day '94)

Let L be a finite lattice. The following are equivalent:
1. L is congruence uniform
2. L is semi-destributive and congruence normal

3. L can be obtained from the 1-element lattice by a series of
doublings of intervals.
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Congruence uniform

Theorem (Caspard, Conte de Poly-Barbut, Morvan '04)

The weak order is congruence uniform.
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Shards
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Shards
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Shards
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Shard intersection graph
Let Sh(.A, B) denote the set of shards.

For X,Y" € Sh(A, B) let X — Y’ if and only if ¥ "cuts" X'.

v I
Ya Y.
23 z4 Z1 z2
B
(
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Congruence uniform and shard intersection graph

Theorem (Reading '04)

Let A be a simplicial arrangement. The lattice PR(A, B) is
congruence uniform if and only if Sh(.A, B) is acyclic.
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Cyclic example

veak order

>
P

Y12 2o > 33— 2g— 2y

AN N | ~
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A nice conjecture

The normal fan of a polytope, is the collection of normal cones
for every face.

Conjecture (Padrol, Pilaud, Ritter '20)

Let A be an arrangement whose zonotope has normal fan F.
Furthermore, suppose that PR(.A, B) is a congruence uniform
lattice and = is any lattice congruence of PR(.A, B). Then the
quotient fan F= is the normal fan of a polytope.

Conjecture (Padrol, Pilaud, Ritter '20)

Let A be an arrangement such that PR(.A, B) is a congruence
uniform lattice. Then every shard admits a shard polytope.
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Further Works

m Can we explicitly state the join/meet of two elements?
m When is the facial weak order congruence uniform?
m What happens when we look at shards?

m Can we generalize this to polytopes?
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Thank youl!
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