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Enumerating Weyl Cones of Shi Arrangements

Hyperplane Arrangements

m (V,(-,-)) - n-dim real Euclidean vector space.
m A hyperplane H is a codim 1 subspace of V.

m A (hyperplane) arrangement is a finite collection of
hyperplanes.

Example
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Hyperplanes and vectors
For o € R" a vector.

m Hyx={veR" | (o, v) =k} - hyperplane.
m H, = H, - central hyperplane.
m s, - reflection fixing H, pointwise.

Ha,O Ha,l Hoz,2 HB,O

H%—l H%O
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Central arrangements

A central arrangement is a a hyperplane arrangement with only
central hyperplanes.

Ha0 Hgs0

)

H%O
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A “nice” central hyperplane arrangement

He, Hg
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A “nice” central hyperplane arrangement

He, Hg
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Root Systems

A root system & is (finite) collection of nonzero vectors satisfying:
1. dNRa = {a,—a} for every a € ®.
2. 5o(P) =@ forall a € &.
3. 298 c 7 torall o, 8 € .

(B,8)
The oo € & are called roots.
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Enumerating Weyl Cones of Shi Arrangements

Root Systems

A root system & is (finite) collection of nonzero vectors satisfying:
1. dNRa = {a, —a} for every o € ®.
2. 5o(P) =@ forall a € &.

3. 2<</;"§>> €7 forall a, 3 € b.

The oo € & are called roots.

m &7 - Positive roots

m ®~ - Negative roots

m A - Simple roots

m W= (S), S={sy | a € A} - Weyl group.
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Coxeter and Shi Arrangements

Definitions

A Coxeter arrangement is the arrangement for a root system &:
A®)={H, | a € dT}.

A Shi arrangement is the Coxeter arrangement together with a
positive unit translate of each hyperplane:

Shi(®) = {Hak | « € ®T ke {0,1}}
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A, example
Example (Coxeter Arrangement)
Ho,
ot
— Qs s+ o
Ho,
—Qs — Qi (0]
—Qlt
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A, example
Example (Coxeter Arrangement)
H,,
Qi
—Os Qs+ Qi
H,,
—Qs — Qi (0]
—Qlt
m T = {ag, o, as + oy}
O ={—a —a —as— a;}

m A= {a o}
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A, example

Example (Shi Arrangement)

t
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Regions

A region is a (open) connected component of the vector space
with the hyperplanes removed.

Example (Shi Arrangement)

\/,

Ha

t

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)



Enumerating Weyl Cones of Shi Arrangements

Cone

A cone is an intersection of (open) half-spaces of (some)
hyperplanes.

Example (Shi Arrangement)

\\4

Ha

t
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Weyl cone

For Shi(®), the regions of the Coxeter subarrangement are in
bijection with the elements of W. These regions define cones
called Weyl cones. The cone associated to the identity is
commonly referred to as the dominant cone.

Example (Shi Arrangement)

\\4y

Ha

t
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Weyl cone

For Shi(®), the regions of the Coxeter subarrangement are in
bijection with the elements of W. These regions define cones
called Weyl cones. The cone associated to the identity is
commonly referred to as the dominant cone.

Example (Shi Arrangement)

H,.
\\/ Ce - Dominant Cone

He,
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Weyl cone

For Shi(®), the regions of the Coxeter subarrangement are in
bijection with the elements of W. These regions define cones
called Weyl cones. The cone associated to the identity is
commonly referred to as the dominant cone.

Example (Shi Arrangement)

Ha,
\\//
H

Ot
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Weyl cone

For Shi(®), the regions of the Coxeter subarrangement are in
bijection with the elements of W. These regions define cones
called Weyl cones. The cone associated to the identity is
commonly referred to as the dominant cone.

Example (Shi Arrangement)
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Question:

How many regions are in each Weyl cone?

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Inversion Sets

The (left) inversion sets is the set

N(w) = T nw(d).

Example
at s
—as v =as+ar
N(ts) = ®F N ts(d™)
’ = o N {as,y, —as}
U o = {as, 7}
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Root poset

Definition

The root poset (®1, <) is the poset where

a< p < p—aeNA
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Antichain

An antichain in a poset is a set of pairwise incomparible elements.

Qs+ Q¢

/\

Qs O

There are 5 antichains:

g, {QS} ) {at} ) {as =+ at} ) {a57 af}
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Root Posets

Example (As, B3, Ds)
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Number of regions using antichains

Theorem (Armstrong, Reiner, Rhoades 2015)

The number of regions in a Weyl cone C,, is equal to the number
of antichains in the subposet of the root poset (¢, <) restricted
to ®H\N(w1).

Example (Ax Shi Arrangement)

N(ts) = {ae, as + az}

Ha,
Cst \ \/ 95 % @
" /\

‘ Qs O
2 antichains:@, {as}
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Diagrams (type A)

Shorthand: «j; = Zi:iak

3
Q13 | 23 | 33
12 | @22 “ 12 Q23
o1
Qi1 ax 033

26 Apr 2024
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Subdiagrams

A subdiagram is a set B of boxes such that if b € B then every box
above and to the left are also in B.

a13

@13 | 23 | (33

a1 | a “ @12 @
a11
@) M o

If a box is in the bottom right corner of the subdiagram, it is in
antichain.
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Subdiagrams
Theorem (Shi 1995)

Let \ be the diagram associated to a Coxeter group W with root
system ®. Then there is a bijection between number of
subdiagrams of \ and antichains in (&1, <).

Example (A3, B3, Ds)
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Diagrams to Digraphs - Type A

Shorthand: «j; = Zi:iak

. - F
A K A
Q13 | 23 | (33 13 | 237| (33
A vy
12 | G022 — Q12| Q22
A A >
11 11
/.9
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Diagrams to Digraphs - Type B

Shorthand: afj,kf = au + Qe

A 22 A
013 33|23 33
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Diagrams to Digraphs - Type D

@142

g | az

Q12,44 (22 44 | cugq T Ta12,44 azz,AAT g T Ta12,44Ta22,44 Qg T

I a3 1 oags asz3
Lo — o
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Corners

For each oo € @ we let MM, be the set of subpaths of I which go
under and to the right of a.

Ma,, is associated to the following subpath.

A >K >K >
Q13 | (23 | (33

A ’A >X >
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Digraph solution
let  Mu= |J Mo
aeN(w1)

Theorem (D., Tzanaki 2023)

Let ' be the digraph associated to W with root system ®. There is
a bijection between paths in I which don’t contain subpaths in I,
and antichains in the root poset (&1, <) restricted to ®T\N(w™1).

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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But..

How does this help?

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Digraphs - Notation

Directed Graph (Digraph): T

Path: 7w = (V1, €1,Vo,€2,...,6n-1, V,,)

m Let I; = vi and F; = v, (Initial/Final vertices)

I is acyclic if there are no paths such that I, = F.

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Overlapping paths

Two paths 7 and 7/ = (u1, 1, ..., fm—1, Um) overlap if:
m 7 is a subpath of 7/, or

m there exists some i € [n — 1] such that for all j € [n— /], then
eirj—1 = f; (the final i edges in m coincide with the first i
edges of 7).

T
® ® ®@ O
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Non-overlapping collections

A collection of paths I is non-overlapping if there does not exist
any m, 7w’ € I such that 7 overlaps 7’.

Let v(v — V) be the number of paths from v to V.

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Number of paths

Collection of non-overlapping: pair-wise non-overlapping
v(v— V) = # paths from v to V.

Theorem (D., Tzanaki 2023)

Let | and F be two arbitrary vertices in an acyclic digraph I'. Let Il
be a collection of non-overlapping paths. Then the number of
paths from | to F which do not contain a path in 1 as a subpath is

equal to:
1 Y(F2 = h) - A(Fa—h) (I h)
’y(Fl — /2) 1 s 'y(F,, — /2) 'y(l—> /2)
det : : : :
Y(Fr = 1) v(FR2—= 1) - 1 ¥(I = In)
V= F) v(FR=F) - Y(F—=F) A(—=F)

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Path enumeration

Theorem (André 1887)

Let T be the infinite digraph of Z? with vertical edges pointing
north and horizontal edges pointing east. Label every vertex of I’
by its respective coordinates in Z2. Then the number of paths from
(x1,y1) to (x2,y2) weakly above the x = y diagonal is given by:

If x1 < xz2 and y1 < yo:

Xty2—x1—y1) [(xty—x1—n
2=y yo—x1+1

and 0 otherwise.

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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Type A
Let I be the infinite digraph of Z2.
m/=(0,1) and F= (n,n+1).
ma; = oed =7y (i—1,) = (ij) = (i j+1).

F=(3,4)

3> 3>

A K
13| (23| (X33
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Type A Determinant

Theorem (D., Tzanaki 2023)

For W type A and inversion set N(w™') = {a,, ..., i} for
w € W. The number of regions in C,, is:

1 (o) Evzwvf'g ) wa'i

() x e (et (ot
a (vi’—}vfl) Ay (vé’—»vfl) o 1 [0 (I—NZ,)
¥ (VE’HF) v (v;’%F) cee oy (virﬁF) v (I—F)

where | = (0,1), F= (n,n+ 1), v{" = (iz,je + 1) and
vp' = (ie = 1, Je)-

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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As example

Let W be the As Coxeter arrangement and w = s5sps;s3s1. Then

N(w™') = {1, as3, aza, a13, 35}

Q13 = 1 + Qo + 3 <

(0,1) — (1,1
(2,3) — (3,3
aza = a3+ ag <> (2,4) — (3,4
(0,3) — (1,3
aszs = a3 + g + as < (2,5) — (3,5

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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As example cont.

N(w™) = {a11, as3, azs, 13, azs}

n, = {7Tij | Qjj € N(Wﬁl)}

A A A A A A
15 (0713 Q35 Q45 Q55

A oA A A A >
Q14 | Q24 | 34 | (V44

A5 A W

AN
g
Q13 | (23 | (33
AN
>
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As example cont.

The number of regions in C,, is equal to

1 7 (3, 4)—(0,1)) 7 ((3,5)=(0, 1)) ¥ ((1, 4)=(0, 1)) ¥ ((3, 6)—(0, 1)) v ((0, 1)—(0, 1))

7 ((1,2)—(2,3)) 1 7 ((3,5)=(2,3)) 7 ((1,4)—(2,3)) 7 ((3,6)—(2,3)) v ((0, 1)—=(2,3))

det 7 ((1,2)=(2,4) v ((3,4)—(2,4)) 1 7 (1, 4)—=(2,4)) 7 ((3, 6)—=(2,4)) 7 ((0, 1)—=(2, 4))
7 ((1,2)—(0,3)) 7 ((3,4)—(0,3)) 7 ((3,5)—(0,3)) 1 7 (3, 6)=(0, 3)) v ((0, 1)—=(0, 3))

7 ((1,2)=(2,5)) 7 ((3, 4)=(2,5)) 7 ((3,5)—(2,5)) v (1, 9)—(2,5)) 1 7 ((0,0)—(2,5))

v (1, 2)=(5,6)) v (3, 4)—=(5, 6)) 7 ((3, 5)—=(5, 6)) 7 (1, 4)—(5,6)) v (3, 6)—=(5, 6)) ¥ ((0, 1)—=(5, 6))

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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As example cont.

The number of regions in C,, is equal to

10 0o 0 0 (§-0
G-¢ 1 o 0o 0o H-0
Wl®-0 0 1 G- o B-0
0 0 0 1 o (-G
G- o 0o @-0 1 0O-0
B~
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As example cont.

The number of regions in C,, is equal to

1 00 0 0 1
2 100 0 5
301 10 9
deti o 0010 1|38
4 00 2 1 14
25 3 14 1 132
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Type B

~ ((a, b)_>,_-Dz) _ DOyt ((a, b)—>FD’) ifb#£2n—a+1,2n—a

1 if b=2n—a+1,2n—a

FP F

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)



Enumerating Weyl Cones of Shi Arrangements

Type B Determinant

Theorem (D., Tzanaki 2023)

For W type B and inversion set N(w™!) = {az, ..., ax} for
w € W. The number of regions in C,, is:

1 () vaz'wf'; WEW;';

P(md) 1 () (e
a7 (vi’—»vil) a7 (vé’—»vfl) e 1 a (I—)vfl)
Ay (VYHFDX) g (v;’%FDZ) ey (vi’%FDZ) Ay (I*}FD):)

where | = (0,1), F=(1,2n), vi" = (i, jo + 1) and V&' = (ip — 1, ji).

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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Type D

15,23

15,3

Q25,3

15

Q25 | @35

Q23 5| 35| a5 @13,5|Q23 5| @3 5| as @13,5|23,5 a3,5T as T TQ13,STC¥23,ST&3,5 as T

1 Qg1 Qg | azg 1Q14 1 Qg 1 Q34 | a4

| IR | IR e

@13 | @23
ap | az
ay

Dermenjian i of Manchester
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Paths in type D

Let Vi = (X1, ¥1)(u,v1) and Vo = (X2, ¥2)(u,,1) be vertices in ['p,

v ((x1, v1)—(x2, ¥2)) ifuy=1,u=1
¥ ((x1,y1)—=(v2 — 1,n —2)) ifug =1, up =2
min(xp ,vp —1)
v ((xa, y1)—(i, n — 2)) ifuu=1,uwp=3, vu#n—1
=0
min(xp vy —1)
27 ((x1, y1)— (i, n — 2)) ifuy =1, uy =3, wuw=n—1
=0
(V1 = Va) ifuy =1, up =4
1 ifug =2, up =3, x0 > vy —1and

vy =min(x; +1,n—1)
(n—=vi+1)v((n—2,n—2) = (xp,y2)) ifug =2, up=4,xg >n—2
(a — w1 +2)v8((x1, n = 2) = (x2,¥2))
+27v8((n — 2,0 = 2) = (x2,¥2))

(Vi = Vo) =

n—3
+ Z v8((; n = 2) = (x2, ¥2)) ifug =2, =4 x <n-—2
j=x1+1
v8((v1 — 1,n = 2) = (%2, ¥2)) ifug =3, =4 x <v
ve((x1, n = 2) = (x2, y2)) ifug =3 m=4v<x <n-1
ve((n—2,n—2) = (x2,y)) ifuy =3, up=4,xg=n—-1
7B ((x1, y1) = (%2, 2)) ifug =4, ;=4
0 otherwise

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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Where...
n—2 i+1 j—1
p(Vi = Vo) = E:E:E:W ij,k

i=0 j=1 k=0
~y ((x1, y1)—=(k,n = 2))
~ye((i,n —2) = (x2,¥2))

2 ifi=n-—2
)\i,j,k: 1 ifn—2>i>j—1

j—k+1 ifi=j—1

1 ifj<n—1
P2 ifj=n-1

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Narayana numbers

The Narayana number Np is the number of antichains in poset P
with cardinality k.

Example
s + ot
as O

There are 5 antichains:

g, {aS} ) {at} ’ {aS + at} ’ {O‘S) af}

N(q>+’§)’0 e 1 N(¢+7<)71 = 3 N(¢+7<)72 = 1

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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Narayana polynomials

The Narayana polynomial Np(t) is the polynomial which keeps
track of antichain cardinality:

Np(t) = Z N,D7ktk

Qs + ot

/\

Qs O

N(¢+’§)70 = ]. N(q>+7§)71 = 3 N(¢+7§)72 = 1
N(¢+’§)(t) =143t+7

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki)
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Narayana

What if we just applied weights to our corners so that a corner has
value t7
'y(vl — Vo — V3) =t

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Narayana

What if we just applied weights to our corners so that a corner has
value t7
'y(vl — Vo — V3) =t

But,
Yvi = ve =)=y > wn) -y (vw—-w)=1-1

implying t = 1 and everything breaks down.

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Narayana for Weyl cones

Theorem (D., Tzanaki 2023)

Let Ty be digraph associated to W, and I, |, F as before. Then
the Narayana polynomial for a Wel cone is given by:

1 ty' (Fo—h) - tv'(Fa—h) o/ (I=h)
o (Fi—h) 1 =ty (Fa=rh) v/ (k)
det : : . : ;
t' (Fi—ln) £ (Fa—h) - L A=)
ty'(Fi=F) ty/(F2=F) - 7/ (Fi—=F) v/ (I=F)
where
Y (i = v) = > t47, () = # corners

A. Dermenjian — Uni of Manchester (Joint with: E. Tzanaki) 26 Apr 2024
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Narayana polynomial - A, example

Example

w = st, N(ts) = {a, as + at}
Has A “A

Q
q
=
>Y

Y

Cst A A

H,, >

t

( 1 tv'((2,3)—(0,2)) v'((0,1)—(0,2)) >
det [ oy/((1,3)—(1,2)) 1 7' ((0,1)—(1,2))
ty'((1,3)—(2,3)) tv'((2,3)—(2,3)) 7'((0,1)—(2,3))

t t 143t+82
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Digraph - Type F4
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